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In the present work, the thermodynamic states of the inversion curve have been
obtained using only p v-T data. We have also shown a linear relationship
between compressibility factor and pressure for each branch of the inversion
curve. These lines can be used to find the maximum inversion pressure, Pin.
Finally, we have predicted the temperature at which the Joule-Thomson coef-
ficient, mJ-T, Has its maximum value for each isobar, by using the specific heat
capacity, isobaric expansivity, or compressibility factor.

KEY WORDS: compressibility factor; inversion curve; Joule-Thomson coef-
ficient.

1. INTRODUCTION

The Joule-Thomson effect is of interest not only to chemists because of its
relationship to the potential function, but also to engineers for its applied
aspects such as the Linde process for liquefaction of gases and its relevance
to the transport of natural gases and other hydrocarbon fluids through
pipelines in arctic regions [1],

The Joule-Thomson coefficient is sensitive to small deviations in tem-
perature and pressure. Hence, it is useful for testing the applicability of an
equation of state, especially the prediction of the locus of the inversion
curve, which is an extremely rigorous test [2], Nain and Aziz [3] predicted
the Joule-Thomson coefficient for the noble gases at zero pressure on the
basis of numerous intermolecular potentials. Edalat et al. [4] presented a
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correlation for the prediction of the adiabatic Joule-Thomson coefficient of
pure gases and their mixtures. Colazo et al. [5] used seven cubic equations
of state to predict the Joule-Thomson inversion curve for some simple
fluids. Recently, Maghari and Matin [6] tested five equations of state of
the van der Waals type to check their ability to predict the Joule-Thomson
inversion curve.

In this work, we have calculated the inversion points from p-v-T data
without fitting them with a multiparameter equation of state. We also show
that the compressibility factor of each branch of the inversion curve is a
linear function of pressure. And finally, we give a physical interpretation for
the maximum of mj-T versus temperature for each isobar.

2. CALCULATION OF THE INVERSION POINTS
USING P-v-T DATA

The Joule-Thomson inversion curve is the locus of thermodynamic
states at which the temperature is invariant under isenthalpic expansion. In
temperature-pressure space, the inversion curve is nearly parabolic, with a
maximum inversion pressure, pM, almost at an intermediate temperature.
At any inversion state,

Using the thermodynamic relations, we may obtain

By using Z = pv/RT, Eq. (2) reduces to

As is evident from Eq. (3), at inversion points, (dZ/dT)p must be equal to
zero. Therefore, if the compressibility factor is plotted versus the tempera-
ture for each isobar, the extremum points are the inversion points at which
mj-T is equal to zero. One of them corresponds to the lower, and the other
one to the upper, branch of the inversion curve. We have plotted such
curves by using the experimental data for Ar [7] for different isobars. In
Fig. la, Z is plotted versus T for the temperature range of 600 to 800 K
at p = 0.8 MPa, at which we observe a maximum. A similar curve is presented
in Fig. 1b for p=4 MPa in a low-temperature range, where a minimum
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Fig. 1. Determination of the inversion points of Ar using p-v-T data [7] for
different isobars. The inversion points ( •) are compared with the experimental
inversion curve [9] in d.

exists. These minimum and maximum points are the inversion points, and
each corresponds to a point of the lower and upper branches of the inversion
curve, respectively. We have also plotted such curves in the supercritical
region for different pressures in Fig. 1c. At pressures below pM, there are
a maximum and a minimum that correspond to the upper and lower
branches of the inversion curve, respectively. As the pressure increases, the
maximum and minimum points approach each other until, at Pin, they
coincide and appear as an inflection point. For this special case, both
( d Z / d T ) p and (d2Z/dT2)p are equal to zero. For pressures above pM, there
is no extremum (see the top curve in Fig. 1c). In Fig. 1d, we have com-
pared the inversion points we obtained in this way with those reported in
the literature [8].
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In such an investigation, we may expect that an equation of state can
be used to predict the inversion curve with reasonable accuracy if the com-
pressibility factor is at least a cubic function of temperature.

To interpret the inversion curve, let us specify the contributions of the
internal and thermal pressures (pin , p t h ] to the compressibility factor
separately. With P = p t h — P i n , where p t h = T ( d p / d T ) v and pia = (8E/dv)T

(E is the internal energy), the compressibility factor may be written as the
algebraic sum of the thermal, Zth, and internal, Zin, contributions:

where p is the molar density and RT has its usual meaning. Since at each
inversion point, (dZ/dT)p = 0, we may write

This means that at any inversion point, the contributions of the thermal
and internal compressibility factors in mj_T are equal. At the particular
point on the inversion curve at which the pressure is pM, in addition to the
equality of (dZth/dT)p with (dZln/dT)p, the following constraint is valid:

which indicates that (dZ/dT)p is a maximum at the temperature corre-
sponding to pM.

3. PREDICTION OF THE RELATIONS AMONG Z, p, AND T
ON THE INVERSION CURVE

The compressibility factor is a function of two thermodynamic
variables, such as temperature and pressure. Because of the relation
between T and p on the inversion curve (the parabolic dependency of p
with respect to T), it is possible to express the compressibility factor on the
inversion curve in terms of only one variable, pressure or temperature. To
quantify this dependency, we have used the van der Waals equation of state
(vdW EOS) because of its simplicity. It is to be noted that the vdW EOS
may be applied just for the upper branch of the inversion curve (low density).
Using the vdW EOS, we may write Z as
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where a and b are the vdW constants. As we mentioned before, on the
inversion curve (dZ/dT)p = 0 and a= 1/T or (dp/dT)p= -p/T, then the
density of the inversion curve will depend on T as

By substitution of p from Eq. (8) in Eq. (7), we may obtain the relation
among Z, T, and p for the inversion states as

and

To generalize the above results, Eqs. (9) and (10) may be written in the
reduced forms,

and

where p* = p / ( a / 2 7 b 2 ) and T* = T/(8a/27Rb). We solved these equations
numerically and found that the compressibility factor is a linear function of
pressure (Fig. 2a). To find such a relation for the lower branch (dense
fluid), an EOS appropriate for a dense fluid is needed. We have used the
linear isotherm regularity (LIR) [9], from which the compressibility factor
is given as

where
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Fig. 2. The linear relationship between
the compressibility factor, Z, and pres-
sure on the inversion curve for Ar accord-
ing to (a) the vdW EOS and (b) the LIR
[p* = p / ( a / 2 7 b 2 ) ]

where the constants A 1 and B1 are related to the intermolecular attraction
and repulsion, respectively, and A2 is the contribution of nonideal thermal
pressure. On the inversion curve, (dp/dT)p = —p/T and the density may be
written as
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then,

and

Fig. 3. The experimental linear relation-
ship between Z and p for (a) the lower
branch and (b) the upper branch of the
inversion curves of Ar [7] and N2 [ 10].
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Table I. The Existence of a Linear Relationship
Between Z and p, Z = A + Bp

Substance

Ar
Ar
N2

N2

CH4

C2H6

CO,

Z

z1
zu
z1
zu
Z1
Z1
z1

A

0.15725
0.98269
0.10386
0.99057
0.11664
0.08911
0.06383

B ( M Pa 1 )

0.02067
0.00378
0.03321
0.00554
0.02252
0.02231
0.01517

R2

0.992
0.995
0.995
0.998
0.991
0.995
0.995

We have also solved the above equations numerically for Ar [7]. As shown
in Fig. 2b, Z is again linear versus p for the lower branch of the inversion
curve of Ar. Figure 3 shows the experimental compressibility factor of the
lower and upper branches (Z 1 ,Z U ) versus pressure for Ar [7] and N2

[10]. The linear fits of the experimental data are satisfactory. Such a
linearity is also observed for some other substances, for which the param-
eters of the lines, A (intercept), B (slope), and the coefficient of determina-
tion, R2, are given in Table I. Such a coefficient is simply the square of the
correlation coefficient [11]. The intersection point of these lines gives p™.
Figure 4 shows such a prediction for Ar [7].

Fig. 4. Determination of the maximum inversion
pressure, PM, from the intersection of two lines for
Ar [7] ( the experimental value is about 47.5 MPa;
see Ref. 8).



4. PREDICTION OF THE MAXIMUM VALUE OF mJ_T

The Joule-Thomson expansion is widely used for liquefaction and
refrigeration of gases. Therefore, a knowledge of the Joule-Thomson coef-
ficient of a substance at different states is very important in designing such
processes.

In this section we predict the maximum value of mj_T for each isobar
by using thermodynamic properties such as the specific heat, Cp, isobaric
expansivity, a, and compressibility factor, Z, which are more available than
the mj_T.

As is well known, nj_T has a maximum value for each isobar (see
Fig. 5a). If the pressure is lower than pM, its maximum value is positive
and located inside the parabolic inversion curve. If MJ_T is plotted versus
temperature at pM, the maximum value of MJ_T is zero and located on the
inversion curve. For pressures higher than pM, the value of MJ_T is negative
on the entire temperature range and can be ignored.

To obtain the condition at which MJ_T is a maximum, we differentiate
MJ_T given by Eq. (3), with respect to temperature at constant pressure and
set the result equal to zero to obtain

If ( d M J _ T / d T ) p is equal to zero, it is possible that both (dZ/dT)p and
(d2Z/dT2)p are zero. But that is true only when the pressure is equal to pM,
in other words, when MJ_T is located on the inversion curve (MJ_T = 0). For
the other isobars we have

Therefore, when ( d M J _ T / d T ) p is equal to zero, none of the three terms in
Eq. (19) is zero, but their sum must be zero. Even though (d2Z/dT2)p is not
exactly zero at the temperature at which MJ_T has its maximum value, its
value is very close to zero (see Fig. 5b). In other words, (dZ/dT)p has
almost its maximum value when MJ_T is maximum (Fig. 5b).

We conclude that we are able to predict approximately the condition
at which MJ_T is a maximum for each isobar using only p-v-T data. The
temperature at which (dZ/dT)p is a maximum is that at which MJ_T is
also a maximum. This fact allows engineers, without the necessity for
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Fig. 5. (a) The Joule Thomson coefficient
versus temperature for different isobars of
toluene [12]. (b) Prediction of the maximum
of the Joule-Thomson coefficient for each
isobar using the compressibility factor data
[15] .

Joule-Thomson experiments, to approximate the thermodynamic location
of the maximum value of MJ_T in designing refrigerators.

Finally, in order to define the maximum of MJ_T versus temperature in
terms of the thermodynamic properties of a fluid, we may use Eq. (2) to
obtain
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or

where

and

To find the temperature at which MJ_T has its maximum value (for an
isobar), we have to investigate the temperature dependences of a and Cp.
We have used experimental data to obtain Fig. 6, for toluene [12]. As is
shown, the values of both a and Cp are maxima at about the same tem-
perature at which MJ_T is a maximum (but not exactly). Therefore, we may
conclude that at the temperature for which MJ_T is a maximum for an
isobar, a and Cp have almost their maximum values, and a' and C'p are
very small at such a temperature. In Table II we give predictions for the

Fig. 6. The temperature dependences of a, in units
of K-1 (solid curve), m/100, in units of bar-1 .K
(dotted curve), and Cpx 10 - 5 , in units of J • K-1 •
mol-1 (dashed curve) for the 50-bar isobar of
toluene [12]. Note that the maxima of all three
properties are at almost the same temperature.
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Table II. Prediction of the Thermodynamic State at Which
MJ-T Is a Maximum for Given Isobars of Some Refrigerants,

Using the Experimental Isobaric Heat Capacity

Substance

R227a

R227a

R143ab

R143ab

R143ab

R32c

R32c

R32c

R32c

R32c

R32c

R32c

R152ad

R152ad

p ( M P a )

4
6
8

10
15
6
7
8
9

10
12
14
6

10

T ( K )

390.15
413.15
386.15
398.15
420.15
353.15
363.15
368.15
378.15
383.15
398.15
413.15
403.15
433.15

aFrom Ref. 13.
bFrom Ref. 14.
cFrom Ref. 15.
dFrom Ref. 16.

thermodynamic state at which MJ_T has its maximum value for given
isobars of some refrigerants, by using the experimental specific heat
capacity.

5. CONCLUSION

In this work, we have calculated the inversion points from p-v-T data
without fitting them to a multiparameter equation of state. The linear rela-
tionship of Z in terms of p for each branch of the inversion curve can be
used to obtain the pM, especially when its experimental determination is
difficult or unreliable (see Fig. 4).

Finally, as mentioned previously, it is possible to predict the thermo-
dynamic state at which the Joule-Thomson coefficient is a maximum, by
investigating the temperature dependences of Cp, a,or Z (see Figs. 5 and 6).
Because of the fact that the temperature dependences of such thermophysi-
cal properties are available for many fluids, whereas the experimental data
for MJ_T are not reported, the approach given in this paper for the predic-
tion of MJ_T may be used in designing refrigerators.
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